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1. INTRODUCTION
The main idea of the method of quasilinearization as developed by
   Bellman 1 and Bellman and Kalaba 2 is to provide an explicit analytic
representation for the solutions of nonlinear differential equations, which
yields pointwise lower estimates for the solution of the problem whenever
the function involved is convex. The most important application of this
popular method has been to obtain a sequence of lower bounds which are
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the solutions of linear differential equations that converge quadratically to
the unique solution of the given nonlinear problem.
It is well known that the method of upper and lower solutions together
with monotone iterative technique offers monotone sequences which con-
 verge to the extremal solutions of the original nonlinear problem 3, 4 .
When we employ the technique of lower and upper solutions coupled with
the method of quasilinearization and utilize the idea of Newton and
Fourier, it is possible to construct concurrently lower and upper bounding
sequences, whose elements are the solutions of the corresponding linear
problems, which converge quadratically to the solution of the given prob-
lem. Furthermore, this unification provides a mechanism to enlarge the
class of nonlinear problems to which this method is applicable. For
example, it is not necessary to impose the convexity assumption on the
function involved and this leads to several other possibilities. Moreover,
these ideas can be refined, generalized, and extended to various types of
nonlinear problems, and consequently, this technique is known as the
 generalized quasilinearization 7, 8 .
In this paper, we shall consider the extension of the method of general-
ized quasilinearization to semilinear elliptic boundary value problems and
prove very general results that include several important special cases. We
shall first discuss the problem in nondivergence form using the classical
methods and then investigate the problem in divergence form via the
variational method.
2. COMPARISON THEOREMS
Let  Rn be a bounded domain with the boundary . Consider the
semilinear elliptic boundary value problem in nondivergence form
n n
Lu a x u  b x u  c x uŽ . Ž . Ž .Ý Ýi , j x x i xi j i
i , j1 i1
 f x , u , in  ,Ž .
2.1Ž .
Bu  on  ,
  Ž .where we assume that a , b , c	 C , R , c x 
 0 in , 	i, j i
21,   n    Ž .  C , R , f	 C  R, R , and Ý a x   
   in  withi, j1 i, j i j
1,    Ž . 0. Moreover, we let p, q	 C , R with p x  0,  be the unit
 u 1Ž . Ž .  outer normal vector on , and Bu p x u q x , for u	 C , R .
Assume also that  belongs to the C 2, .
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We need the following comparison result.
2 THEOREM 2.1. Let  , 		 C , R be lower and upper solutions of
Ž .2.1 , namely,  , 	 satisfy
L f x ,  in  , B  on  ,Ž .
L	
 f x , 	 in  , B	
  on  .Ž .
Suppose further that
f x , u  f x , u  L x u  u ,Ž . Ž . Ž . Ž .1 2 1 2
2.2Ž .
  u 
 u , L	 C  , R , L x 
 0Ž .1 2
Ž . Ž .and c x  L x  0 in .
Ž . Ž .Then  x  	 x in .
Ž . Ž . Ž . Ž .Proof. Set m x   x  	 x . If m x  0 in  is not true, then
there exists an 
 0 and x 	 such that0
 x  	 x  
 and  x  	 x  
 , x	 .Ž . Ž . Ž . Ž .0 0
Ž . Ž .If x 	 , then  x 
 	 x  and hence, using the fact0 0 0
Ž .p x  0, we get0
 xŽ .0
B x  p x  x  q xŽ . Ž . Ž . Ž .0 0 0 0 
	 xŽ .0
 p x 	 x  
  q x  B	 x ,Ž . Ž . Ž . Ž .0 0 0 0
which is a contradiction.
Ž . Ž . n Ž Ž . Ž ..If x 	, then  x  	 x and Ý  x  	 x   0 x 0 x 0 i, j1 x x 0 x x 0 i ji i i j i j
Ž .0. It then follows that using 2.2 ,
f x ,  x 
 L x 
 L 	 x  
 
 f x , 	 x  c x 
Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .0 0 0 0 0 0 0

 f x ,  x  c x  L x 
 .Ž . Ž . Ž .Ž .0 0 0 0
Ž . Ž .Since c x  L x  0, we have a contradiction. Hence the claim is true
and the proof is complete.
2 COROLLARY 2.1. For any p	 C , R satisfying
n n
L u a x p  b x u  c x pŽ . Ž . Ž .Ý Ýc i , j x x i x 00 i j i
i , j1 i1
 0 in  ,
2.3Ž .
Bp 0 on  , where c x  0,Ž .0
Ž .we hae p x  0 in .
LAKSHMIKANTHAM AND VATSALA202
We need the standard existence and uniqueness result for the linear
Ž .elliptic boundary value problem BVP .
THEOREM 2.2. Consider the linear elliptic BVP
Lu h x in  ,Ž .
2.4Ž .
Bu  x on  ,Ž .
 2,   Ž .  where h	 C , R . Then 2.4 has a unique solution u	 C , R .
3. GENERALIZED QUASILINEARIZATION
We consider the following semilinear elliptic BVP
Lu f x , u  g x , u in  ,Ž . Ž .
3.1Ž .
Bu  on  ,
 where f , g	 C  R, R . We prove the following result.
THEOREM 3.1. Assume that
2Ž .   Ž . Ž .A1  , 	 	 C , R with  x  	 x in  satisfy0 0 0 0
L  f x ,   g x ,  in  , B   on  ,Ž . Ž .0 0 0 0
L	 
 f x , 	  g x , 	 in  , B	 
  on  ;Ž . Ž .0 0 0 0
Ž .A2 f , g satisfy, in addition, that f , g , f , g exist, are continuous,u u uu uu
Ž . Ž .and f x, u 
 0, g x, u  0 on  R;uu uu
Ž . Ž .  Ž . Ž .A3 0N c x  f x, 	  g x,  in .u 0 u 0
2,  Ž .4  Ž .4  Then there exist monotone sequences  x , 	 x 	 C , R suchn n
2  Ž .that   , 	  r in C , R ,  r u is the unique solution of 3.1n n
satisfying   u 	 in , and the conergence is quadratic.0 0
Proof. We consider the following linear BVPs for each k 1, 2, . . .
L  F x ,  ;  , 	 in  , B   on  , 3.2Ž . Ž .k1 k1 k k k1
L	 G x , 	 ;  , 	 in  , B	   on  , 3.3Ž . Ž .k1 k1 k k k1
where
F x , u;  , 	  f x ,   g x , Ž . Ž . Ž .k k k k
 f x ,  u   g x , 	 u  , 3.4Ž . Ž . Ž . Ž . Ž .u k k u k k
G x , u;  , 	  f x , 	  g x , 	Ž . Ž . Ž .k k k k
 f x ,  u 	  g x , 	 u 	 . 3.5Ž . Ž . Ž . Ž . Ž .u k k u k k
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Ž . Ž .The assumptions f x, u 
 0, g x, u  0 yield the inequalitiesuu uu
f x , u 
 f x ,   f x ,  u , u
 3.6Ž . Ž . Ž . Ž . Ž .u
g x , u 
 g x ,   g x , u u , u
 . 3.7Ž . Ž . Ž . Ž . Ž .u
Ž . Ž .Since f x, u is nondecreasing and g x, u is nonincreasing in u for eachu u
2  Ž .x	, we find that for any 	 C , R with    	 , c x 0 0
Ž . Ž . Ž . Ž . Ž .f x,  g x,  
 c x  f x, 	  g x,  
N 0 in . In orderu u u 0 u 0
Ž . Ž .to conclude the existence of unique solutions of the BVPs 3.2 and 3.3
2 for each k
 1, we need to show that for any 	 C , R with   0
Ž .   	 , h x 	 C , R , where0
h x  f x ,  g x ,  f x ,  g x ,   .Ž . Ž . Ž . Ž . Ž .u u
2 2, q  Ž For this purpose, we note that if 	 C , R , then 	W , R in
2,   view of the boundedness of  and 	 C , R . The imbedding
1, Ž  .  theorem, see 4, Theorem A 3.5 then shows that 	 C , R .
We have
f x ,  x  f y , yŽ . Ž .ŽŽ
  K x y   x   yŽ . Ž .
  
1      K x y   x yC  , R 
 
1    L x y , where L  K 1  .C  , R 0 0
Also,
f x ,  x  x  f y , y  yŽ . Ž . Ž . Ž .Ž . Ž .u u
 f x ,  x  x  f x ,  x  yŽ . Ž . Ž . Ž .Ž . Ž .u u
 f x , x  f y , y  yŽ . Ž . Ž .Ž . Ž .u u
 f x ,  x  x   y   y f x ,   x   yŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž .u uu
   
1 1        K  x y  K K  x y ,C  , R  C  , R 1 2 3
where for   u 	 ,0 0
f x , u  K ,  y  K , f x , u  K .Ž . Ž . Ž .u 1 2 uu 3
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 Ž Ž .. Ž . Ž Ž .. Ž .     Thus f x, x  x  f y,  y  y  L x y , where L  Ku u 1 1 1

1   Ž . K K  . We can obtain similar estimates for g x, u . As a result,C  , R 2 3
Ž .we find that, because of the definition of h x ,
h x  h yŽ . Ž .
 f x ,  x  f y ,  y  g x , x  g y , yŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .
 f x , x  x  f y , y  yŽ . Ž . Ž . Ž .Ž . Ž .u u
 g x , x  x  g y ,  y  yŽ . Ž . Ž . Ž .Ž . Ž .u u
   C x y ,
where C L  L M M , M , M , being corresponding constants0 1 0 1 0 1
 relative to the function g. Hence h	 C , R and consequently, for
2,   each K
 1, there exists a unique solution  , 	 	 C , R of thek k
BVPs
L   f x ,   g x , Ž . Ž .c k1 k k0
 f x ,    g x , 	  in  ,Ž . Ž .u k k u k k 3.8Ž .
B   on k1
and
L 	  f x , 	  g x , 	Ž . Ž .c k1 k k0
 f x ,  	  g x , 	 	 in  ,Ž . Ž .u k k u k k 3.9Ž .
B	   on  ,k1
Ž . Ž . Ž . Ž . Ž .where L u is as defined in 2.3 and c x  c x  f x,   g x, 	c 0 u k u k0
 0. Our aim is to show that
          	    	  	  	 in  . 3.10Ž .0 1 2 k k 2 2 0
We shall first prove that
    	  	 in  . 3.11Ž .0 1 1 0
Ž .Since  is a lower solution of 3.1 , we see that0
L  f x ,   g x ,   F x ,  ;  , 	 in Ž . Ž . Ž .0 0 0 0 0 0
B   on  ,0
SEMILINEAR ELLIPTIC PROBLEMS 205
and
L  F x ,  ;  , 	 in  , B   on  .Ž .1 1 0 0 1
Ž . Ž . Ž . Ž . Ž .Also F satisfies 2.2 with L x  f x,   g x, 	 and by A ,u 0 u 0 3
Ž . Ž . Ž .c x  f x,   g x, 	 
N 0. Theorem 2.1 therefore yields  u 0 u 0 0
 in .1
A similar reasoning gives 	  	 in . We show next that   	1 0 1 0
Ž . Ž .and   	 in . To show that   	 , we get, using 3.6 and 3.7 ,0 1 1 0
L  F x ,  ;  , 	Ž .1 1 0 0
 f x ,   g x ,   f x ,    Ž . Ž . Ž . Ž .0 0 u 0 1 0
 g x , 	   Ž . Ž .u 0 1 0
 f x , 	  f x ,  	    g x , 	Ž . Ž . Ž . Ž .0 u 0 0 0 0
 g x , 	 	  Ž . Ž .u 0 0 0
 f x ,      g x , 	   Ž . Ž . Ž . Ž .u 0 1 0 u 0 1 0
  f x , 	  g x , 	  f x ,        	Ž . Ž . Ž .0 0 u 0 1 0 0 0
  g x , 	   	    Ž .u 0 0 0 1 0
 f x , 	  g x , 	  f x ,    	Ž . Ž . Ž . Ž .0 0 u 0 1 0
 g x , 	   	Ž . Ž .u 0 1 0
G x ,  ;  , 	 in  .Ž .1 0 0
Ž .But L	 G x, 	 ;  , 	 in  and hence Theorem 2.1 implies that1 0 0 0
  	 in . Similarly one can prove that   	 in . To show that1 0 0 1
Ž . Ž . Ž .  	 in , we utilize 3.6 and 3.7 and the fact that g x, u is1 1 u
nonincreasing in u, to get
L  F x ,  ;  , 	Ž .1 1 0 0
 f x ,   g x ,   g x ,    Ž . Ž . Ž . Ž .1 1 u 1 0 1
 g x , 	   Ž . Ž .u 0 1 0
 f x ,   g x ,   g x , 	  g x ,    Ž . Ž . Ž . Ž . Ž .1 1 u 0 u 1 1 0
 F x ,  ;  , 	 . 3.12Ž . Ž .1 1 1
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Ž .Similarly, since f x, u is nondecreasing in u, we arrive atu
L	 G x , 	 ;  , 	Ž .1 1 0 0

 f x , 	  f x , 	 	  	Ž . Ž . Ž .1 u 1 0 1
 f x ,  	  	  g x , 	Ž . Ž . Ž .u 0 1 0 1
 f x , 	  g x , 	  f x ,   f x , 	 	  	Ž . Ž . Ž . Ž . Ž .1 1 u 0 u 1 1 0

 f x , 	  g x , 	Ž . Ž .1 1
 F x , 	 ;  , 	 . 3.13Ž . Ž .1 1 1
Ž .It then follows by Theorem 2.1 that   	 in , proving 3.11 .1 1
We shall next consider that if     	  	 in , for somek1 k k k1
k 1, then it follows that
    	  	 in  . 3.14Ž .k k1 k1 k
Since  satisfiesk
L  F x ,  ;  , 	 in  , B   on  ,Ž .k k k1 k1 k
Ž . Ž .we get using 3.6 and 3.7 and the assumption     	  	 ink1 k k k1
,
L  F x ,  ;  , 	 in  , B   on  . 3.15Ž . Ž .k k k k k
Similarly, we can obtain
L	 
G x , 	 ;  , 	 in  , B	   on  . 3.16Ž . Ž .k k k k k
Ž . Ž .Moreover,  , 	 are the solutions of 3.2 and 3.3 . Hence byk1 k1
Theorem 2.1, we get    , 	  	 in . Next we show thatk k1 k1 k
  	 in . We find thatk1 k
L  F x ,  ;  , 	Ž .k1 k1 k k
 f x , 	  f x ,  	    g x , 	Ž . Ž . Ž . Ž .k u k k k k
 g x , 	 	  Ž . Ž .u k k k
 f x ,      g x , 	    .Ž . Ž . Ž . Ž .u k k1 k u k k1 k
Hence
L  f x , 	  g x , 	Ž . Ž .k1 k k
  f x ,  	      Ž .u k k k k1 k
  g x , 	   	    Ž .u k k k k1 k
G x ,  ;  , 	 in  . 3.17Ž . Ž .k1 k k
SEMILINEAR ELLIPTIC PROBLEMS 207
Ž . Ž .Theorem 2.1 yields because of 3.16 and 3.17 ,   	 in . Usingk1 k
similar arguments, we see that
 L	 
 f x ,   f x ,  	    g x , Ž . Ž . Ž .k1 k u k k k k
 f x , 	 	    f x ,  	  	Ž . Ž . Ž . Ž .u k k k u k k1 k
 g x , 	 	  	Ž . Ž .u k k1 k
 f x ,   g x ,   f x ,  	  Ž . Ž . Ž . Ž .k k u k k1 k
 g x , 	 	  Ž . Ž .u k k1 k
 F x , 	 ;  , 	 in  . 3.18Ž . Ž .k1 k k
Ž . Ž .Consequently, 3.18 together with L  F x,  ;  , 	 in , gives byk k k k
Theorem 2.1,   	 in . Finally, we show that   	 in .k k1 k1 k1
Ž . Ž . Ž .This follows from 3.2 and 3.18 and Theorem 2.1 proving 3.14 . Thus by
Ž .induction 3.10 is valid for all k.
2,  2,    We recall that  , 	 	 C , R , for k 1, 2, . . . . Since C , Rk k
2, q   W , R for q 1, by Theorem A.3.3 in 4 we have
2, q q 1 , q       C h   , 3.19Ž ..W  , R  L  , R  W  , R k k
where
h x  f x ,  x  g x ,  xŽ . Ž . Ž .Ž . Ž .k k k
 f x ,  x  x  g x , 	 x  x .Ž . Ž . Ž . Ž .Ž . Ž .u k k u k k
Ž .The continuity of f , g, f , g and the definition of h x implies thatu u k
 Ž .4    h x is uniformly bounded in C , R . Since C , R is dense ink
q q   Ž .4  L , R , h x is also uniformly bounded in L , R . This togetherk
2, qŽ .  Ž .4  with 3.19 shows that  x is uniformly bounded in W , R . Fork
2 2, q   q ,  	W , R and hence by imbedding Theorem A.3.5 in 4 ,k1 
1 ,  2 , q     C  , for k 1, 2, . . . , 3.20Ž .C  , R  W  , R k k
2, q  Ž .4for some constant C independent of the elements of W . Thus  x isk
1,   uniformly bounded in C , R . This implies from the earlier reasoning
 Ž .4  that h x is uniformly bounded in C , R . Consequently by Schauder’sk
 estimate A.3.5 in 4 , we find that
2,   1,        C h   for all k ,C  , R  C  , R  C  , R k k
2,  Ž .4  which implies the uniform boundedness of  x in C , R . As ak
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2 Ž .4  result, we have  x is relatively compact in C , R , which yields thek
2 Ž .4  existence of a subsequence  x that converges in C , R . Letk j
 2   Ž .4 	 C , R be the limit of this subsequence  x . By the monotonek j
Ž .  Ž .4 Ž .nature of  x ,  x converges pointwise to  x in . But thek k
2 Ž .4  convergence of  x in C , R implies pointwise convergence andk j
 Ž . Ž .  Ž .4thus  x   x in . This shows that the entire sequence  xk
2 2  Ž . Ž . Ž .  converges in C , R to  x , that is, lim  x   x in C , Rk k
Ž . Ž .and    	 in . Similar arguments prove that lim 	 x  r x0 0 k k
2 in C , R and    r 	 in . Thus the limits0 0
lim L   L  , lim L 	  L r ,c k c c k c0 0 0 0k k
lim B  B , lim B	  Br ,k k
k k
lim f x ,   g x ,   f x ,   g x , 	 Ž . Ž . Ž . Ž .k k u k u k k
k
 f x ,   g x ,   f x ,   g x , r  ,Ž . Ž . Ž . Ž .u u
and
lim f x , 	  g x , 	  f x ,   g x , 	 	Ž . Ž . Ž . Ž .k k u k u k k
k
 f x , r  g x , r  f x ,   g x , r r ,Ž . Ž . Ž . Ž .u u
exist uniformly in . Noting the definition of L , we see immediately thatc0
Ž ., r are solutions of 3.1 .
Since  r in , taking  r, 	 , and using Theorem 2.1 we
Ž .obtain r  in , proving  r u is the unique solution of 3.1 .
 4  4To prove the quadratic convergence of  , 	 to the unique solutionk k
u, respectively, we consider P  u  , Q 	  u so thatk1 k1 k1
BP  0, BQ  0.k1 k1
Then we have
LP  f x , u  g x , uŽ . Ž .k1
 f x ,   g x ,   f x ,    Ž . Ž . Ž . Ž .k k u k k1 k
g x , 	   Ž . Ž .u k k1 k
 f x , u  f x ,  P  g x , 	  g x ,  PŽ . Ž . Ž . Ž .u u k k u k u k k
 f x ,   g x , 	 PŽ . Ž .u k u k k1
 f x ,  P 2  g x ,  	   PŽ . Ž . Ž .uu k uu k k k
 f x ,   g x , 	 P ,Ž . Ž .u k u k k1
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where    u,    	 . Butk k k
g x ,  	   P N Q  P PŽ . Ž . Ž .uu k k k 2 k k k
2N P  P Q2 k k k
3 N22 2 N P  Q ,2 k k2 2
 Ž . where g x, u N for x	 and   u 	 . Hence, with Nuu 2 0 0 0
3 N , we get22
2 2LP  f x ,   g x , 	 P N P QŽ . Ž . Ž .k1 u k u k k1 0 k k
or equivalently,
L P N P 2 Q2 ,Ž .c k1 0 k k0
Ž .  Ž . Ž . Ž .where 0N C x  C x  f x,   g x, 	 . Taking  P0 u k u k k1
2 2Ž .  Ž .   Ž .  and 	 N n max P x max Q x , we see that B	
 BP .0  k  k k1
Ž .Hence by Theorem 2.1, we get P x  	 in , which implies thek1
estimate
N0 2 2max P x  max P x  max Q x .Ž . Ž . Ž .k1 k kN  
One can get a similar estimate for Q . The proof is therefore complete.k
The following remarks are now in order.
Ž . Ž . Ž . Ž .Remarks. 1 If g x, u  0 in 3.1 , we get a result with f x, u being
convex.
Ž . Ž . Ž .2 If f x, u  0, we obtain the dual result where g x, u is concave.
Ž . Ž . Ž .3 Consider the case g x, u  0 and f x, u is not convex. Suppose
Ž . Ž . Ž .that f x, u G x, u is convex with G x, u convex. Then Theorem 3.1
can be written as
˜Lu f x , u  g x , u , Bu  ,Ž . Ž .˜
Ž˜ . Ž . Ž . Ž . Ž .where f x, u  f x, u G x, u and g x, u G x, u so that condi-˜
tions of Theorem 3.1 are fulfilled and we get the same conclusion when
Ž .f x, u is not convex.
Ž . Ž . Ž . Ž .4 A dual situation of 3 arises when f x, u  0 and g x, u is not
Ž . Ž . Ž .concave. Suppose that g x, u  F x, u is concave with F x, u concave.
˜Ž . Ž . Ž . Ž . Ž .Then 3.1 is valid with f x, u F x, u and g x, u  g x, u ˜
LAKSHMIKANTHAM AND VATSALA210
Ž .F x, u . Then also the conditions of Theorem 3.1 are verified and we get
the same conclusion.
Thus we see that Theorem 3.1 includes several results. We note that if
Ž . Ž . Ž .in 3 above, f x, u is not convex, we can always find a function G x, u
Ž . Ž .which is convex such that f x, u G x, u is convex. For example, we can
2Ž . Ž .choose G x, u Mu , M 0, where Mmin f x, u for x	 anduu
Ž .  u 	 on . Thus it is clear that f x, u need not be convex to0 0
Ž .obtain the conclusion. A similar comment holds in case 4 as well.
4. COMPARISON RESULTS
We shall consider the BVP
Lu f x , u in  ,Ž .
4.1Ž .
u 0 on  in the sense of trace ;Ž .
where L denotes the second order partial differential operator in the
divergence form
n
Lu a x u  c x uŽ . Ž .Ž .Ý i , j x xi j
i , j
n Ž .and  is an open, bounded subset of R . We assume that a , c	 L  ,i, j
n Ž .   2i, j 1, 2, . . . , n, a  a , Ý a x   
   for x	, a.e.,i, j j, i i, j1 i, j i j
n Ž . Ž .	 R with  0 uniform elliptic condition , and c x 
 0. We shall
always mean that the boundary condition is in the sense of trace and hence
Ž .we shall not repeat it to avoid monotony. Also, f :  R R, f x, u is a
Ž .Caratheodory function, that, is f , u is measurable for all u	 R and
Ž .  f x,  is continuous a.e. x	. The bilinear form B , associated with
the operator L is
n
B u ,   a x u   c x u dx 4.2Ž . Ž . Ž .Ž ÝH i , j x xi j
 i , j1
1Ž . 1Ž .for u,  	H  . The function u	H  is said to be a weak solution of0 0
Ž . Ž . 1Ž . Ž . 1Ž .4.1 if f x, u 	 L  , f x, u u	 L  , and
 B u ,   f ,  4.3Ž . Ž .
1Ž . Ž . Ž .for all  	H  where , denotes inner product in L  .0 2
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1Ž .DEFINITION. The function  	H  is said to be a weak lower0
Ž .solution of 4.1 if   0 on  and0
n
a x    c x   dx f x ,   dx , 4.4Ž . Ž . Ž . Ž .ÝH Hi , j 0, x x 0 0i j
 i , j1
1Ž .for each  	H  ,  
 0. If the inequalities are reversed, then  is0 0
Ž .said to be a weak upper solution of 4.1 .
 We need the following basic comparison result. See 6 .
Ž .THEOREM 4.1. Let  , 	 be weak lower and upper solutions of 4.1 .0 0
Suppose further that f satisfies
f x , u  f x , u  L u  u 4.5Ž . Ž . Ž . Ž .1 2 1 2
1Ž .wheneer u 
 u a.e., x	 and L 0. Then, if 0 c L	 L  , we1 2
hae
 x  	 x in  , a.e. 4.6Ž . Ž . Ž .0 0
The following corollary is useful in our discussion.
1Ž .COROLLARY 4.1. For p	H  satisfying
n
a x p   c x p dx 0,Ž . Ž .ÝH i , j x x 0i j
 i , j1
1Ž . Ž .for each  	H  ,  
 0, a.e. and p 0 on  we hae p x  0 in ,0
Ž .a.e., proided c x  0.0
 We need the following standard existence result 5 for linear BVP,
Lu h x in Ž .
4.7Ž .
u 0 on  in the trace sense .Ž .
1Ž .THEOREM 4.2. There exists a unique weak solution u	H  for the0
Ž .  Ž . 2Ž .linear BVP 4.7 , proided 0 c  c x a.e. in  and h	 L  .
5. GENERALIZED QUASILINEARIZATION
We consider the following semilinear elliptic boundary value problem
Lu f x , u  g x , u in  ,Ž . Ž .
5.1Ž .
u 0 on  ,
where f , g :  R R. We shall prove the following result.
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THEOREM 5.1. Assume that
Ž . 1Ž . Ž .B1  , 	 	H  are lower and upper solutions of 5.1 such that0 0
  	 in , a.e.;0 0
Ž . Ž . Ž .B2 f , g :  R R are Caratheodory functions, f x, u , g x, u ,u u
Ž . Ž . Ž .f x, u , g x, u exist and are Caratheodory functions, and f x, u 
 0,uu uu uu
Ž .g x, u  0 for   u 	 a.e. in ;uu 0 0
Ž . Ž . Ž . Ž .B3 0N c x  f x, 	  g x,  a.e. in , and for anyu 0 u 0
1Ž . 2Ž .	H  satisfying    	 , the function h	 L  where0 0
h x  f x ,  g x ,  f x ,  g x ,   .Ž . Ž . Ž . Ž . Ž .u u
 4  4 1Ž .Then there exist monotone sequences  , 	 	H  such that   ,k k 0 k
1Ž .	  r weakly in H  as k , with  r u is the unique weakk 0
Ž .solution of 5.1 satisfying   u 	 , a.e. in  and the conergence is0 0
quadratic.
Proof. We prove the conclusion in several steps.
Ž .a Iterative schemes and generalized quasilinearization. Let us in-
troduce the linearization of f g in the form
G x , u;  , 	  f x , 	  g x , 	  f x ,  u 	Ž . Ž . Ž . Ž . Ž .u
 g x , 	 u 	 , 5.2Ž . Ž . Ž .u
and
F x , u;  , 	  f x ,   g x ,   f x ,  u Ž . Ž . Ž . Ž . Ž .u
 g x , 	 u  , 5.3Ž . Ž . Ž .u
and consider the following related iterative schemes for k 0, 1, 2, . . .
L	 G x , 	 ;  , 	 in  , 	  0 on  , 5.4Ž . Ž .k1 k1 k k k1
and
L  F x ,  ;  , 	 in  ,   0 on  . 5.5Ž . Ž .k1 k1 k k k1
Ž . Ž .The variational forms associated with 5.4 and 5.5 are given by
 B 	 ,   G x , 	 ;  , 	  dx , 5.6Ž . Ž .Hk1 k1 k k

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and
 B  ,   F x ,  ;  , 	  dx , 5.7Ž . Ž .Hk1 k1 k k

1Ž .for all  	H  ,  
 0 a.e. We shall show that the weak solutions 	 , 0 k k
Ž . Ž .of 5.4 and 5.5 , respectively, are uniquely defined and satisfy
          	    	  	  	 a.e. in  .0 1 2 k k 2 1 0
5.8Ž .
Ž . Ž .Let us consider k 0. Then according to 5.2 , G x, u;  , 	 is of the0 0
Ž . Ž . Ž . Ž . Ž . Ž .form G x, u;  , 	  d x u h x , where d x  f x,   g x, 	0 0 u 0 u 0
Ž . Ž . Ž . Ž . Ž . Ž .and h x  f x, 	  g x, 	  f x,  	  g x, 	 	 . Since f x, u0 0 u 0 0 u 0 0 u
Ž .is nondecreasing in u and g x, u is nonincreasing in u for each x	,u
a.e., we find that
c x  d x  c x  f x ,   g x , 	Ž . Ž . Ž . Ž . Ž .u 0 u 0

 c x  f x , 	  g x ,  
N 0Ž . Ž . Ž .u 0 u 0
2Ž . Ž .and h	 L  by B3 . Thus by Theorem 4.2 there is a unique weak
1Ž . Ž .solution 	 	H  of 5.4 . Similarly, one gets the existence of a weak1 0
1Ž . Ž .solution  	H  of 5.5 . We shall next show that1 0
    	  	 a.e. in  . 5.9Ž .0 1 1 0
Ž .Since  is a lower solution of 5.1 , we see that0
 B  ,   F x ,  ;  , 	  dxŽ .H0 0 0 0

1Ž .for all  	H  ,  
 0 a.e. By the definition of the iterate  is the0 1
Ž .unique weak solution of 5.5 for k 0 and thus  satisfies the varia-1
Ž . Ž .tional form 5.7 with k 0. Let p    so that p 0  0 on 0 1
1Ž .and for  	H  ,  
 0, a.e.0
 B p ,   c x p dx 0,Ž .H 0

Ž . Ž . Ž .where c x  c x  d x 
 0. Hence Corollary 4.1 yields p 0, that is,0
   a.e. in . Similarly, we can show that 	  	 a.e. in . Next we0 1 1 0
shall show that   	 and   	 a.e. in . To show that   	 we1 0 0 1 1 0
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Ž .employ the following inequalities which are consequences of f x, u 
 0uu
Ž . Ž .and g x, u  0 imposed by B2 ,uu
f x , u 
 f x ,   f x ,  u , 5.10Ž . Ž . Ž . Ž . Ž .u
g x , u 
 g x ,   g x , u u , 5.11Ž . Ž . Ž . Ž . Ž .u
Ž . Ž . 1Ž .for all    u 	 . By 5.10 and 5.11 , we obtain for all  	H  ,0 0 0
 
 0 a.e.,
 B  ,   F x ,  ;  , 	  dxŽ .H1 1 0 0

 f x , 	  f x ,  	  Ž . Ž . Ž .H 0 u 0 0 0

g x , 	  g x , 	 	  Ž . Ž . Ž .0 u 0 0 0
f x ,      g x , 	     dxŽ . Ž . Ž . Ž .u 0 1 0 u 0 1 0
 f x , 	  g x , 	Ž . Ž .H 0 0

f x ,        	Ž . Ž .u 0 1 0 0 0
g x , 	   	      dxŽ . Ž .u 0 0 0 1 0
 G x ,  ;  , 	  dx. 5.12Ž . Ž .H 1 0 0

Ž . 1Ž .Since 	 is an upper solution of 5.1 , it satisfies for all  	H  ,  
 00 0
   Ž . Ž . Ž .a.e., B 	 ,  
 H f x, 	  g x, 	  dx  H G x, 	 ;  , 	  dx.0  0 0  0 0 0
Hence by Corollary 4.1,   	 a.e. in . A similar argument proves that1 0
Ž . Ž .  	 a.e. in . To prove   	 , we use 5.10 and 5.11 and the fact0 1 1 1
Ž .g x, u is nonincreasing in u and   	 to getu 1 0
 B  ,   F x ,  ;  , 	  dxŽ .H1 1 0 0

 f x ,   g x ,   g x ,    Ž . Ž . Ž . Ž .H 1 1 u 1 0 1

g x , 	     dxŽ . Ž .u 0 1 0
 f x ,   g x ,   dxŽ . Ž .H 1 1

 F x ,  ;  , 	  dx 5.13Ž . Ž .H 1 1 1

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1Ž . 1Ž .for all  	H  ,  
 0 a.e. Similarly, for all  	H  ,  
 0 a.e.,0 0
 B 	 ,   G x , 	 ;  , 	  dxŽ .H1 1 0 0


 f x , 	  f x , 	 	  	Ž . Ž . Ž .H 1 u 1 0 1

f x ,  	  	  g x , 	  dxŽ . Ž . Ž .u 0 1 0 1
 f x , 	  f x , 	  f x ,  	  	Ž . Ž . Ž . Ž .Ž .H 1 u 1 u 0 1 0

g x , 	  dxŽ .1

 f x , 	  g x , 	  dxŽ . Ž .H 1 1

 F x , 	 ;  , 	  dx , 5.14Ž . Ž .H 1 1 1

Ž .because of the fact f x, u is nondecreasing in u and   	 . Theu 0 0
Ž . Ž .inequalities 5.13 and 5.14 imply that  is a lower solution and 	 is an1 1
Ž .upper solution of 5.1 . Since f g is Lipschitz continuous in   u 	 ,0 0
Ž .it follows from Theorem 4.1 that   	 in , proving 5.9 .1 1
We shall next prove that if
    	  	 a.e. in  , 5.15Ž .k1 k k k1
for some k 1, then it follows that
    	  	 a.e. in  . 5.16Ž .k k1 k1 k
1Ž .Since  satisfies for  	H  ,  
 0 a.e.,k 0
 B  ,   F x ,  ;  , 	  dxŽ .Hk k k1 k1

Ž . Ž .by utilizing the arguments employed to obtain 5.13 and 5.14 we can
Ž .show because of 5.15 that
 B  ,   F x ,  ;  , 	  dx , 5.17Ž . Ž .Hk k k k

and
 B 	 ,  
 G x , 	 ;  , 	  dx ,Ž .Hk k k k

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1Ž . Ž .for each  	H  ,  
 0 a.e. Furthermore  , 	 satisfy 5.5 and0 k1 k1
Ž .5.4 , respectively. Hence we conclude from Corollary 4.1 that   k k1
and 	  	 a.e. in . Next we show that   	 and   	 .k1 k k1 k k k1
Ž . Ž .We find using 5.10 and 5.11 that
 B  ,   F x ,  ;  , 	  dxŽ .Hk1 k1 k k

 f x , 	  f x ,  	  Ž . Ž . Ž .H k u k k k

g x , 	 	    g x , 	Ž . Ž . Ž .u k k k k
f x ,    Ž . Ž .u k k1 k
g x , 	     dxŽ . Ž .u k k1 k
 f x , 	  g x , 	Ž . Ž .H k k

f x ,  	      Ž . Ž .u k k k k1 k
g x , 	   	      dxŽ . Ž .u k k k k1 k
 G x ,  ;  , 	  dx.Ž .H k1 k k

Ž .This together with 5.18 gives by Corollary 4.1,   	 . Similarly, wek1 k
Ž . 1Ž .can show that   	 , using 5.17 and for each  	H  ,  
 0 a.e.k k1 0
 B 	 ,   G x , 	 ;  , 	  dxŽ .Hk1 k1 k k


 f x ,   f x ,  	    g x , Ž . Ž . Ž . Ž .H k u k k k k

f x , 	 	  Ž . Ž .u k k k
f x ,  	  	Ž . Ž .u k k1 k
g x , 	 	  	  dxŽ . Ž .u k k1 k
 f x ,   g x , Ž . Ž .H k k

f x ,  	    	  	Ž . Ž .u k k k k1 k
g x , 	 	    	  	  dxŽ . Ž .u k k k k1 k
 F x , 	 ;  , 	  dx.Ž .H k1 k k

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Finally to prove   	 a.e. in , we need to show that  andk1 k1 k1
	 satisfyk1
 B  ,   F x ,  ;  , 	  dxŽ .Hk1 k1 k k

and
 B 	 ,  
 G x , 	 ;  , 	  dx ,Ž .Hk1 k1 k k

1Ž .for each  	H  ,  
 0 a.e. This precisely employs the same arguments0
Ž . Ž .as we have utilized in proving 5.13 and 5.14 replacing  , 	 ,  , 	 by0 0 1 1
Ž . Ž . , 	 ,  , 	 and using 5.10 and 5.11 as well as monotone charac-k k k1 k1
ter of f and g . Consequently, we get from Theorem 4.1 that   	 ,u u k1 k1
Ž . Ž .proving 5.16 . Thus by induction, it follows that 5.8 is true for each
k 1, 2, . . . .
Ž .  4  4 Ž .b Convergence of  , 	 to the unique solution of 5.1 . By thek k
 4  4 Ž .monotone character of the iterates  , 	 , according to 5.8 there existk k
pointwise limits
 x  lim  x , r x  lim 	 x , a.e. in  .Ž . Ž . Ž . Ž .k k
k k
Moreover, since     	  	 a.e. in , it follows by Lebesgue’s0 k k 0
dominated convergence theorem that
   and 	  r in L2  .Ž .k k
1Ž .We note that  satisfies for each  	H  ,  
 0 a.e.,k 0
n
a x    c x   dxŽ . Ž .ÝH i , j k , x x 0 ki j
 i , j
 f x ,   f x ,    g x , Ž . Ž . Ž .H k1 u k1 k1 k1

g x , 	   dx ,Ž .u k1 k1
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Ž . Ž . Ž . Ž .where c x  c x  f x,   g x, 	 . We now use the elliptic-0 u k1 u k1
Ž .ity condition and B3 with    to getk
2 2     N  dx f x ,   f x ,  Ž . Ž .H Hk , x k k1 u k1 k1
 
g x ,   g x , 	   dx.Ž . Ž .k1 u k1 k1 k
Ž .We then get, since by B3 the integrand on the right hand side belongs to
2Ž . 1Ž .L  , in view of the fact that  , 	 	H  , and the estimatek1 k1 0
  1sup   .H Ž .k 0
k
  1A similar argument implies that sup 	  . Hence there existH Ž .k k 0
 4  4 1Ž . 1Ž .subsequences  , 	 which converge weakly in H  to , r	H  ,k k 0 0j j
Ž .respectively. To verify that , r are weak solutions of 5.1 , we fix  	
1Ž . Ž . Ž .H  ,  
 0 a.e. and find that  , 	 satisfy 5.6 and 5.7 with F0 k1 k1
Ž . Ž .and G defined by 5.2 and 5.3 . Taking limits as k , we obtain
 B  ,   f x ,   g x ,   dx ,Ž . Ž .H

and
 B r ,   f x , r  g x , r  dx ,Ž . Ž .H

Ž .showing that , r are weak solutions of 5.1 .
Ž .To prove that  r u is the unique solution of 5.1 , it is enough to
prove that r  a.e. in , since we know that  r a.e. in . Taking
 r, 	 , and applying Theorem 4.1, we find that r  a.e. in ,
proving the claim.
Ž .  4  4c Quadratic convergence of  , 	 . To prove the quadratick k
 4  4convergence of sequences  , 	 to the unique solution u respectively,k k
we set
p  u  , q  	  u ,k1 k1 k1 k1
Ž . Ž .so that p x  0 on  and q x  0 on . We then have fork1 k1
1Ž . 	H  ,  
 0, a.e., using the fact that f is nondecreasing in u and g0 u u
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is nonincreasing in u,
 B p ,   f x , u  g x , u  f x , Ž . Ž . Ž .Hk1 k

f x ,    Ž . Ž .u k k1 k
g x ,   g x , 	     dxŽ . Ž . Ž .k u k k1 k
 f x , u  f x ,  pŽ . Ž .Ž .H u u k k

 g x , 	  g x ,  pŽ . Ž .Ž .u k u k k
 f x ,   g x , 	 p  dxŽ . Ž .Ž u k u k k1
2 f x ,  p  g x ,  	  Ž . Ž . Ž .H uu k uu k k

 f x ,   g x , 	 p  dx ,Ž . Ž .Ž .u k u k k1
where    u,    	 . Butk k k
g x ,  	   p N q  p pŽ . Ž . Ž .uu k k k 2 k k k
N p2  p qŽ .2 k k k
3 1
2 2 N p  N q ,2 k 2 k2 2
 Ž .  where g x, u N . Thus we getL Ž .uu 2
n
a x p   c x p  dxŽ . Ž .ÝH i , j k1, x x 0 k1i j
 i , j1
3 12 2 N  N p  N q  dx ,Ž .H 1 2 k 2 k2 2

 Ž .  where f x, u N . Taking   p and using the ellipticity con-L Ž .uu 1 k1
dition, we arrive at
2 2    p N p dxH k1, x k1

  2   2N p  q p dx ,Ž .H0 k k k1

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3 Ž .where N N  N . Let  min  , N . Then0 1 2 02
12 122 02 2 21 2 2 2        p N p  q pH Ž . L Ž . L Ž . L Ž .0 k1 0 k k k10 ž /ž / 20
21 2 N0 2 22 2 2    p  pL Ž . L Ž .k k12 0
21 2 N0 2 22 2 2    q  pL Ž . L Ž .k k12 0
2N 0 02 2 22 22 2 2      p  q  p .L Ž . L Ž . L Ž .k k k1 20
We then get
2 N0 02 2 22 21 2 1     p  p  qH Ž . H Ž . H Ž .k1 k k0 0 02 0
or equivalently,
22 N02 2 22 21 1 1     p  p  q .H Ž . H Ž . H Ž .k1 k k0 0 020
One can get a similar estimate for  . We omit the details.k1
All the remarks discussed at the end of Section 3 are also valid in this
case. We do not repeat them to avoid monotony.
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